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[El—Lagrangians

Lagrangian Dynamics 1201 i.d[a(L, qr)]_a(L, q), gt id (x)=x
ot aq’ oq
too :=time (0) u
frames := 99 NN — c1 D 33
=2-[5 5] ear (D)=1 0:=10"
[mkgsKAcd]:=[111111]

dTime:="t" dSymbol:="a" sign:=1 o ~OL
E= ;q. 2, L.
L, (D(2), U#, a#, b#, N#, st#):= [[mkgsKAcd]:==[111111][a# B#]:=[a# b#]+1]
if (N#=0)V(sf#=0)
{augment(col(U#, a#), col (U#, B#))
eval

augment[U# Lok’ U# L BE "o"]

else
u# = U# = xx# u# = xx "4

1[2..cols(U#)] u#a# b#

Clear (xx#, xx'#)

G#::D[U# , u#]
11
[ a# b#]
SF# (t):=str2num(sf#)
augment (col (U#, a#), col (U#, B#))

G (xx#, xx"#):=G#

eval augment[U#]_a#, U#]-ﬁ#' "o"]
pVField ("G", pBox (col (U#, a#), col (U#, B#), 10 %, 10 %), N
[El—Mechanics Braintwister Problem
Mechanics Braintwister Problem https://fr.maplesoft.com/
applications/view.aspx?SID=131117
&view=html
Gen coords, str2num(3VérS ("gc", ["c™ "e"], ["a" "m.1" "m.2" "g"])]:{ trr'oe']
constants &
position
xl:=r—-2.a x2:=r.sin(0) y2:=—r.cos(9)
Xl'::d(XI) X2'::d(X2) y2":d(Y2)
at at at
Lagrangian 1 ,2 1 , 2 , 2
L::pz‘ml.xl +~§.m2.[x2 +y2 ]._mz.g.yQ
Equations of r' g =Leg (L, r) 0" g =Leg (L, ©)
motion

+(_cos(6).r’ +r.sj_n(9).6')2]+2.m2.g.r.cos(9)

2
L [9’ .(cos(@).(sin(@).r' +r.cos(6).6’)+sin(9).(—cos(9).r’ +r.sj_n(9).9'))+g.cos(9)).m2
Tlea™ m +m,
o (cos(@).(sin(e).r' +r.cos(9).9')+sin(9).(—cos(9)‘r’ +r.sin(e).6')+6' .r).r' +r.g.sin(0)

eqg — 2
r



Solutions

Find when ml hit the
pulley

Solve for a simple
pendulum, keeping r
constant

Use U for the start time
and IC's

N:=200 te:=2s

[a m, m, g]::[SOCm50g 50 g 9¢

) m o
ic:=|a 0290 0 rpm

D(t, u):= [rrr e 9,]::[u1u2u3u4]

stack[r',r” 6’,6"eq]

eq’

U:i=L,y (D(t, u), [0 te], ic, N, "Rkadapt")
[ X1]:=1L,, ([xl ], gc, U]

D2(t,u):: [rr, 99,]::[1111.121.131.14]

_g.sian(Q)]

stack|0, 0, €',

U
02:=Loy (D2 (t, u),[Vny te], U

[2..cols(U)]

—_—
n:= E findrows[eval[Xl <0], 1, 1]:52

, N—n, "Rkadapt"

Merge into one solution U.— stack[U , U2
1..n [1..cols U]
[ ] (V) rows (U) =201
Yy
3
3
2.5
5 2
1.5
1
1
0.5
0 X
0 0.5 1 1.5 2 P.25 0.5 .75 1 1.25 X
augment(col(U,1),1.0-col(U,2)) LVf(D(t! u), U, 1,2, NN, 0)
augment(col(U,l), 1.0~col(U,3))
Y D R RN SN VI VK R Vi X Vo)
2 2 B O W W U U )
DY VO T W U U S
E R "R VIR A S PR VI VR R W8
1 1 B A VT R SRS T
//"'\ L T Pt A T VA I A D
X VR N 7S L 1 1 1 1 1
0 x| |0 . R S A S T L X
t DR N RN AR R R R £
a . . = R R . <
-1 -1, s R ARSIV ARy § R &
AN~ - B Y A VAV ARV A N A A
~ o~ =~ - R Y VAR A <L L
-2 2.« + - - D Y RV RV ARRVA L L
A & o~ = o - - “ v # L L LfL L L
73< B e R e 2 ARRVARS A
-3 ~ = = = o = - - ‘- < ¥ ¢ Lo L L L
i & & o o = - . ‘< £ b L AL L L L L
/N P - “ L L L L L
-410 0.5 1 1.5 2 ~0=5 = = —A40= - ~ @5 o s Llw L L L UL
augment(col(U, l),l.O~col(U,4)) va(D(t,u),U, 3,4,2.-NN, "0 5*t")

augment (col (U,1),1.0-col

[ x1 x2 v2]:=1L,, ([ xI x2 y2], gc, U)

[ Fn Tn]:=L (U, 100, 2)

Frames

(v, 5))




X1 £ 0
eval 0 0
X2 £ Y2 "

Generalized coordinates

gc::[ trr'"6o’

Parameters
a=>50cm
ITIl =50g

m2=50g

Initial conditions

- 33
vo=1.10 z
s
- 33
wo =1-10 rpm

eval (augment (x2,

X1

eval | augment || X2

2))

a(t): eval ([ 00 "+" 1000 "green" )

t 0
. y2 e |, "o
0

wa%[_a—ZJ.aT“t”

]

[ro vo 6o wo]::ic

~0.25
0.5
~0.75
= x

t =1.64 B
—1.25 0.5 0 0.5
a(t)

x1 X2
= o

m,
~0.25 0
r
0.5
v2 m,

~0.75
= x

t = 0.39 B
-1.25 ~0.5 0 0.5
A (40)

£ ro =50 cm

) ©
-0.25 90=90 o
0.5
~0.75
-1 \

t = 0.00
-1425 0.5 0 0.5
2 (1)

[El—sSpherical Pendulum

Spherical Pendulum

Gen coords,
constants &
position

Lagrangian

Symplified to

Equations of
motion

str2num[3vars("gc",["e" "@"],["r"’ﬁw'"g"]nzzlt 66" 9o

sph (6, w)::[r-sin(@]-cos(@) r.sin(6).sin(¢) r-(l—-cos(@))]

[x v z]:=sph (6, ¢)

d -

oo d(x) v o 2(z) 1

at ot ;

1 [,2 2 ,2]
L::-E-In. x'" 4+y' 4z -m.g.z

L::%.m.rz.[w'2.[1_(cos(9))2]+6'2]+m.r.g.(_1+cos(6))

L, o)

orr _
eq

1(1-cost) |

sin(9)~[7g+cos(9)‘go'2.r]

r

4 -

'
i
1
i
—""

| P




¢"eq’:'Leq (L, ¢) w,,eq____2.¢'.sin(9).coi;9)‘6'
1-cos (9)
Cyclic coc?rd& 4 1 0 -> o _d . p,=n r2.<p'.(1_cos(e)2]
conservation do ® T 4o’
Solutions N:=200 te:=10s [z m g]::[lmlkg ge]
ic:=[40° 5 rpm 30 ° (-10) rpm] [B0 o' o go'|:=ic
D(t, u):= [o 6 q)(p,]::[ulu2u3u4]
stack[@', 0" g @' (p"eq]
Ui=L,g (P(t, u), [0 te], ic, N, "Rkadapt")
o Y — = — = S S
—_ — Y~ > > > SO SO
T 1 — 0~ >~ X0 D S
05 e S A .\ -
RO R -\
0 x| |0 -~ <+~ - —L-X
20.5 S 2 £
-1 _— = E L L L
R —_— = e NP AN
1. 5= —l N Y
-2 o 2 4 6 8 i 125 0.25 0.375 0.5 0.625 0.75
augment (col (U, 1), 1.0-col (U, 2)) L,(P(t,u),U,1,2, NN, "0-5*t")
{augment(col(U,l), 1.0~col(U,3))
4 Y Q 7
NS AN AN AN ANANP
0 = H S NN IN LN
1 N A A\ NN NN
<4 NN N NN N
6 NNV N N AN R AY
18 AN AN AN A \ N\
SN NN NN NN
112 1o NN NN NN '
NYRNYRY RPN RV N \
116 T S S S S i S
0 2 4 6 8 10 -32 -24 -16 -8 0

augment(col(U, 1), 0.5-col (U, 4))
augment(col(U, 1), 1.0-col (U, 5))

L,r (D (t,u), U, 3,4, NN, "1")

https://handwiki.org/wiki/Physics:Spherical_pendulum

v, :=pView2 (-37.5°, 30 °)

[x Yz Ppli=1I,, ([x y z Pq,], gc, U]
[Fn Tn ]::LFrames (U' 100, 1)
eval(augment(X, Y, Z).y2]

.yz]

0 0 r

XeYe 2y

eval

G :=pGrid (sph, PR (0, 0.3-m, 20), PR (0, 2.1-m, 40))

<eval[augment[[x e Y. 2 t]'Yg, no"]]
eval[augment[[ 00r]-v,, In t)]

eval [pMesh (G,[O O],[l 1])~Y2]




I[‘D Pp |i=1Ly; [[‘/’pw],gc, U]

-0]. 5

-1

0 8

augment (col (u, 1), P(p)

[Fl—Elastic Pendulum

Elastic Pendulum

Gen coords,
constants &

str2num(3V&rS("gc",["x" "y"],["lo"'ﬁW‘"K" "g"]”::[t x x' y_y']

position X,y
Lagrangian 2

L:%umlx’2+y’ﬂ_1mg,y+%.xlﬂxz+y2_lJ
Equ§tions of X"eqt:Ibq(L’ x) y X.[_lo+_/X2_Fy2)’K
motion X eg=— U m

mAx?iy
rr —
y eq'_Leq(L’y) v = m. X2+y2.g+y.[_lo+z\/x2+y2].x
eq — d
moAx?iy?
Solutions N:=200 te:=10 s
N
[lom x g]:==[1m1kg 20 o gel
X0 VXO yO VyoO
ic= 1mom_2mzﬂl [ vo vyo]
s S
D(t =
(t, u) [x x' )/_y']::[ w w, u_u 4]
stack[x', X"eq, v, y"eq]

U:i=L,y (D(t, u), [0 te], ic, N, "Rkadapt")

5 Y

/

0 2

4

~
©

augment(col(U, 1), 1.0-col (U, 2))
augment(col(U, 1), 1.0-col (U, 3))

Yy




2 \
0 X X
-1
-2
-3
-4)o0 2 4 6 8 10 -
augment (col (U, 1), 1.0-col (U, 4))
augment(col(U, 1), 1.0-col (U, 5))
[T x x' ¥ y']:=Cols (U) y
[Fn Tn]::LFrames(U' 100, 1) 0 t = 6.1 s X
augment (X, Y) 0.5
0 0
X £ Y £ -1
A:=<
augment[[x s Y t], ..O..] 1s
augment(o, 0, Tn t) D
-2 -1 0 1 2
A
[E]l—Double Pendulum
Double Pendulum
Gen coords, str2num(8VarS ("gc", ["o™ "g"], [ "m.1" "m.2" "g" "a" "b"])):[ taa BB
constants &
position
x1:=a.sin(a) yl:=—a.cos(a)
x2:=x1 +b.sin(B) y2:=yl —b.cos(B)
Xl'::M yl":—d(YI) X2'::—d(X2) y2":—d(Y2)
ot at at ot
Lagrangian 1 , 2 , 2 1 , 2 , 2
L’:“E‘mz‘[XI +yl ]4_§.nb.[x2 +y2 ]-_ml‘g.}ﬂ-—mz.g.yf
Equations of a"eq:::Leq (L, a) B"eq:::Leq,(L, B)
motion

ml.a.(a.0('2.1+2.g.cos(a))+m2.[(a.cos(a).a'+b.cos(ﬁ).ﬁ')2+(a.sin(a).a' +b.sin(ﬁ).ﬁ')2]+2.m2.g.(a
L:
2
o mzo[b~[l3'2¢(—sin(l3)~cos(01)+cos(ﬁ)osin(d))-}(cos(ﬁ)~cos(Ol)-{-sin(ﬁ).sin(a))‘ﬁ"]+g¢sin(0()]+ml~g
eq — a.(ml+m2]
g a~[01'2~(7sin(01)~cos(,3)+cos(Ol)~sin(ﬁ))+(cos(O()~cos(,3)+sin(01)~sin(ﬁ))~01"]+g~sin(ﬁ)
eq — b
Push B""' y  sol y y y Now a''.eq is free of B''.
into a'' A g = tSOL @l T =A g Brrimpr r We use that in D

eq

o :_m2~[ﬁ'2-(—sin(ﬁ)~cos(a)+cos(ﬁ)~sin(01))~b—(cos(ﬁ)-cos(a)+sin(ﬁ)~sin(a))~[é

a.[ml +m2.[1_(cos(a)‘cosl



Solutions N:=200 te: =10 s

[ ™ a b g]:=[800g 1600

ic:=[30"° 5rpm 60 ° 10 rpm]
D(t’ u): [a’ a' B B']::[u
a''=a'’
eq

eval[stack[oz’, a'

U:=L,, (D(t, u),[0 te], ic, N, "Rkadapt")

g 120 cm 250 cm ge]

[0 ao’ Bo Bo' |
u_u ]
2 3 4

)

0 2 4 9 8 10

{augment(col(U, 1),1,0.col(U,2)) va(

augment (col (U, 1), 1.0-col (U, 3))

D(t,u),U,1,2, NN, "0.3")

4 3 Y
n - /\ 7\ ~. \I
3 2 gl =7 7‘ ~ \,
| 7z Sz 77 TN ~ N
2 AN % 1/ I
A T T T T
0 <| [0
=} W X N A
) -1\ N NN
~
-3 5
-4
0 2 4 6 8 10 e
augment(col(U, 1), 1.0-col (U, 4)) L, (D (t, u),U,3,4, NN
augment(col(U, 1), 1.0-col (U, 5))
[ x1 x2 v1 Y2]::LAt([x1 x2 y1 y2], gc, U) y
/]
[Fn Tn]::LFrames (U, 100, 1) 0 t =4.5 s y
v X1 " Y1 t — —
X2 + Y2 "
eval(augment (%2, YZ)) —2 ¥,
eval stack 00 M
( 1. ) . Y2
A::<eval(augment , "o™))
eval(augment(Xl, Yl))
-4
eval[augment [min(XZ), 0, Tn t)] -4 -2 0
A

[Fl—Particle in a Cone



Particle 1n a Cone

Gen COOr‘dS, Str2num(3var3 ("gc"’ [ nrn n(pn]’ [ "O(" nmn "g"]]]z[ t r r’ (p (P']
constants &
position cone (r, q))::[r.cos((p] r.sj_n((p) r.cot(O[)]
[x v z]:=cone (r, ¢)
e dE) 4. _a()
ot at at
Lagrangian L::%.m.[x'2+y’2+z'2]—m.g.z
Equgtions of r'' . ::Leq(L, r) Q' g Leq(L, ?)
motion
. 2 ) 2 2 2
P m.[(cos((p).r'_r.31n(¢).(p') +(51n(§0).r'+r.cos(§0).¢') +cot(a) .r' _2.g.r.cot(a)]
- 2
L, —w'~(—sin(<p)~(cos(<p)~r'—r~sin((p)~(p')+cos(§0)~(sin((p)-r'+r~cos(q))~<p'))+g~cot(ot)
Flleg =T 2. 2 2
cos (¢) +sin(¢) +cot(a)
., (—sin((p)-(cos(q)).r’_r.sin(go)~<p')+cos((p)-(sin(§0).r’+r.cos(qa)-<p’)+r.(p’).r'
P g = —
Solutions N :=300 te:=10 s [oz m g]::[ 40 ° 1200 g ge]
. R m R [ ro vo go wo]:=1ic
5 rpm=0.5236 Hz 1¢:=130 7 0.3 2 60 7 40 rpm
D(t, u):= [rr' o (p']::[ul o, ug u4]

stack[r', r'l g e

Ui=L,g (P(t, u), [0 te], ic, N, "Rkadapt")

O.75y

Pxa75 e -
0.5W\/\/W\/\/\ A o -~ ~ —
20 - - > >~ o -
/\/\[\A/\/\[\/\ I 740 il Eved e vl N
- -\ - - - -~
0 1% Sy - ~ - -
TR S =
| £~ £ ~= ~ -~ —
0.4 |22 25 ~= - — —
L ~— — — —_—
N 2 4 6 8 10 2186%%5 0.4375 0.46875 0.5 0.53125
augment(col(U,1),1.0-col(U,2)) LVf(D(t,u),U,l,Z,NN, "O.5*t")
{augment(col(U,1),1.0~col(U,3))
Y Y
10
9 7
8
7 6

N w WD (S0




g / 2 jun. 2 3 2 : E ‘ ‘

0 2 4 6 8 11X 0 8 16 24 32 40 48
augment(col(U, 1), 0.2-col (U, 4)) L,¢ (D (t, u), U, 3,4, NN, "O.l*t")
augment(col(U, 1), 1.0-col (U, 5))

Y, =pView2 (-37.5°, 30 °)

G :=pGrid {cone, PR (O, l.2-max(col (U, 2)), 14), PR (0, 2.1-m, 40)]
[x v 2]=L, ([xvy 2], 9c, U)

[Fn Tn ]::LFrames (U' 100, 1)

eval(augment(X, Y, Z).y2]

eval[augment[[xt Y,z t]'Yg, "on]]

A:=Z eval[augment[[ 00 0].y2, Tn t])

eval [PMESh (G,[O O],[l 1])~Y2]

t =2.0 s
A
[El—Simple pendulum
Simple pendulum
Gen Coor\ds) Str2num(3VEirS ("gC"' nen’ ["a" nmn ngn neon )]:[ t 9 9']
constants &
position x:=a-.sin(0) y:=—a-.cos(6) y
Lo d(x) o4
ot st T m
Lagrangian L::%.m.[x'2+y'2]—m-g.y L:m.a,(a.er2.12+2.g.cos(9)]
Equations of g.sin(Q) ., __g~sin(9)
motion 0" g ="TLeq (L 9):_T e = a
Steps N:=200 te: =10 s
Solutions [amg 6o wo]:=[211045° 3]
[am g]:=[200 cm 1200 g 9|
iC::[50°30 rpm] [90 COO]::iC

D(t, u):= [e 9,]::[u1 u2]

stack[@' , 07 'eq]

Ui=L,4 (D(t, u), [0 te], ic, N, "Rkadapt")

5 Y

4//7///

3// /,‘—7
3&0@0@ 7




0 X
-1
2
-3
0 2 4 6 8

10

augment(col(U, 1), 1.0-col (U, 2))
augment(col(U, 1), 1.0-col (U, 3))

[ ¥]i=Ly ([x ¥], 92, 0) v
[ Fn 70 ]:=Leupes (U, 100, 1) ' f \
eval (augment (X, Y)) 5 -
0 0
X, Y
A:=Z t t =
augment(X Yo "o"]
-2 _
augment (min(X),min(Y), Tn t] t 9.51Is
-2 0 2
A
[El—Harmonic Oscillator
Harmonic Oscillator
Gen coords, str2num (dVars ("ge", "x", [ "x" "m"]))=[t x x"]
constants &
position X N k
i , 2 2
Lagrangian P S R S Lomx? xox O”O’UO‘O']Tl i
2 2 2 —x— ~
Equ§tions of x'' =L (L, x) X0 = XmK
motion
Solutions N:=200 te:=10 s
N . m [Xo VO]
[k m]:=|2= 1kg ic:=[10m 2 —
m s
D(t, u):: [X X']::[ul ll2]
2 —
stack[x’, X"eq) ' S
D(te, ic)= -
—20 —
Ui Loy (D(t, u), [0 te], ic, N, "Rkadapt") 2
Y
16
8
0 X
-8
-16
0 2 4 6 8 10 1
augment(col(U, l), 1.0-col (U, 2)) L,¢ (D (t,u),U,1,2, NN, "t")
augment(col(U, 1), 1.0-col (U, 3))

[Fn Tn]:==Lp ... (U, 100, 1)

.




[V 1.5
th

A=
augment (X e 1 "I"] 1 |

augment (min(X), 0.5, Tn t]

0 =) 0 7 x
A
[El—Pendulum with Horizontal support
Pendulum with Horizontal support
Gen coords, str2num(3VarS ("gc", [ " "e"], [ "a" "m.1" "m.2" "g"]]]:[ t x x' 6 9']
constants &
position x2:=X4a-.sin(6) y2:=—a.cos(6)
d(x2) d(y2) N
x2" 1= ————~ 2" = — X
ot Y ot x
L .
agrangian L :% ml.x’2+%.mz.[x2'2+y2’ ]_m2
)2 [ . 2 :
ml X +In2. (X +a.cos(9) e ) +a .511'1(9)
b= 2
Equations of X"eq::Leq(L,x) a~m2~(—sin(9)~9'2+cos(6).9"]
motion X' =
m; 4 m,
' —L L. 6 . cos (6)-x"" +sin(6).g
eq eq( ’ ) 6 eq =" -
Cyclic coord & d I thus _d . p,=x"-m +(x' +a.cos(6).-6").m,
conservation dx 0 by = qx'
Push x'' into 6'' .
9" ::lSOl 9"=9" , 9"
eq eq rr rr
X =X eq
sin(8)-[cos (8)-a.m, .07 > 1g.(m m, )]
orr —_
eq
a.[ml+m2 [1_(;03(9)2)]
Solutions N:=200 te:=10 s

[a m, m, g]::[8m1kg3kgge]

. [xo vo 6o a)o]
1C =

0m1§70°0rpm

D(t, u):= [x x' 6 9,]::[u1u2u3u4]
9”::9”
eq

stack[x’,x” o', 6"’

eq’ eq]

Ui=L,g (P(t, u), [0 te], ic, N, "Rkadapt")

7 16
16 .
12

. —— —— p— —_—




TV Y

x
oo 2 4 6 8 10
{augment(col(U, 1), 1.0.col (U, 2)) L,s (D (t,u),U,1,2, NN, "t")
augment (col (U, 1), 1.0-col (U, 3))
Ly
3
2
1 \
0 N x
-1
-2
o 2 4 6 8 10

augment(col(U 1), 1.0-col (U, 4))
augment(col(U 1), 1.0-col (U, 5))

[ x X2 v2 Px]:=IL,, [[x x2 y2 px], gc, U]

[Fn Tn ]::LFrames (U' 100, 1)

X2 + Y2 "
M:=
X " 0
eval (augment (X2, ¥2))
M
A =

augment (M, "o")

augment(o, 0, Tn t)

)
0 8 X

augment (col (o, 1), Px)

Alvaro




